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ON GENERALIZED COMMUTATOR
S. K. PRAJAPATI AND R. K. NATH*
Abstract. In this paper, we consider some generalized commutator equations in a finite group and
show that the number of solutions of such equations are characters of that group. We also obtain
explicit formula for this character, considering the equation [· · · [[[x1, x2], x3], x4], · · · , xn] = g,
for some well-known classes of finite groups in terms of orders of the group, its center and its
commutator subgroup. This paper is an extension of the works of Pournaki and Sobhani in [22].
1. Introduction
During the last years there was a great interest in word maps in groups. These maps are defined
as follows. Let F (x1, x2, . . . , xn) denote the free group of words on n generators x1, x2, . . . , xn. Let
w = w(x1, · · · , xn) be a non-trivial reduced word in F (x1, x2, . . . , xn). Then we may write w =
xm1i1 x
m2
i2
· · ·xmrir where 1 ≤ ij ≤ n,mj ∈ Z. Let G be a finite group. Then the word w(x1, x2, . . . , xn)
defines the map w : Gn −→ G given by (g1, g2, . . . , gn) 7→ w(g1, g2, . . . , gn). The map w : G
n −→ G
is called a word map. For g ∈ G we have
|w−1(g)| = |{(a1, a2, . . . , an) ∈ G
n : w(a1, a2, . . . , an) = g}|.
Consider the map ζwG : G −→ N ∪ {0} given by g 7→ |w
−1(g)|. Note that ζwG(g) denotes the number
of solutions of the equation w(x1, x2, . . . , xn) = g. For any word w, the map ζ
w
G is a class function
on G but not necessarily a character. Equations in finite groups have been studied by many authors
since the days of Frobenius (see for example [2, 5, 21, 25, 26, 27, 28] etc.). If w(x1, x2) = [x1, x2] :=
x−11 x
−1
2 x1x2, then Frobenius [10] showed that
(1.1) ζwG =
∑
χ∈Irr(G)
|G|
χ(1)
χ,
which is a character ofG. Consideringw(x1, x2, . . . , xn) = x1 · · ·xnx
−1
1 · · ·x
−1
n or [x1, x2] · · · [xn−1, xn]
Tambour [29] showed that ζwG is a character of G. Extending the results of Tambour, Das and Nath
[5] showed that ζwG is a character of G if w is an admissible word. Further, Parzanchevski and Schul
[21] have considered some classes of words and extended the results of Das and Nath [5].
In this paper, we consider the word w(x1, x2, . . . , xm) = [w1(x1, · · · , xn), w2(xn+1, · · · , xm)] and
show that ζwG is a character of G under some condition. This extends a classical result of Frobenius
mentioned above. Note that the word w(x1, x2, . . . , xm) = [w1(x1, · · · , xn), w2(xn+1, · · · , xm)] in-
cludes words that are not considered in [21]. As a consequence of our result we show that ζwnG is
a character of G when wn(x1, · · · , xn) = [· · · [[[x1, x2], x3], x4], · · · , xn]. The rest part of this paper
is devoted to derive explicit formula for ζwnG for different classes of finite groups such as groups
having unique non-linear irreducible character, Camina p-groups, generalized Camina groups etc. It
is worth mentioning that the case when n = 2 is considered in [6, 8, 19, 22].
Let P
(n)
w be the probability distribution associated to the word map w induced by w(x1, x2, . . . , xn)
on G. Therefore, P
(n)
w (g) =
ζwG(g)
|G|n
. In recent years, many authors have studied the probability
distribution associated to the word maps induced by different kinds of words (see [1, 7, 17, 18, 20]
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etc.). As an application of our results, one may compute the probability distribution associated to
the word map induced by the word wn(x1, x2, . . . , xn) = [[· · · [[x1, x2], x3] · · · ], xn] for the different
families of finite groups considered in Section 3. It may be mentioned here that P
(n)
wn (g) when g = 1,
the identity element of G, is studied by Moghaddam et al. [16] in the name of n-th nilpotency degree
of G. If n = 2 then we have P
(2)
wn (g) = Pg(G), a notion introduced and studied by Pournaki and
Sobhani in [22].
The following notations are standard and essential for this paper. Throughout this paper G
denotes a finite group, Irr(G), lin(G) and nl(G) denote the set of all irreducible characters, linear
irreducible characters and nonlinear irreducible characters of G respectively. For any normal sub-
group N of G, Irr(G|N) denotes Irr(G) \ Irr(G/N). Also, for any character χ of G we write χ ↓N to
denote the restriction of χ on N . If χ is a character of any subgroup H then we write χ ↑GH to denote
the induced character of G induced by χ. The inner product of two characters φ and ψ of G is given
by 〈φ, ψ〉 = 1|G|
∑
g∈G φ(g)ψ(g) and 〈φ, ψ〉H =
1
|H|
∑
g∈H φ(g)ψ(g) for any subgroup H of G. For
any integer i ≥ 1 define inductively Z0(G) = {1}, Z1(G) = Z(G) the center of G, Zi(G)/Zi−1(G) =
the center of G/Zi−1(G). Also γ1(G) = G, γ2(G) = [G,G] = G
′ the commutator subgroup of G and
γi+1(G) = [γi(G), G].
2. Commutator of two words
In this section, we consider the word
w(x1, . . . , xm) := [w1(x1, · · · , xn), w2(xn+1, · · · , xm)]
and obtain some properties of ζwG . A word w is called measure preserving with respect to a finite
group G if all the fibers of this map are of equal size, i.e. ζwG is a constant map. We have the
following main result of this section.
Theorem 2.1. Let H be a normal subgroup of G and
w(x1, . . . , xm) := [w1(x1, · · · , xn), w2(xn+1, · · · , xm)]
such that m − n − 1 ≥ 0 and the word map w2 is measure preserving with respect to G. Then we
have the following:
(1) If m−n = 1 and ζw1H is a character, then ζ
w
G is a character constant on G-conjugacy classes
of H.
(2) If m− n ≥ 2 and ζw1H is a character, then ζ
w
G is a character.
Proof. Suppose χ ∈ Irr(G) is afforded by the irreducible representation ρχ of G. Consider the
element
z =
∑
x1,...,xn∈H
xn+1,...,xm∈G
[w1(x1, · · · , xn), w2(xn+1, · · · , xm)].
Then, we have
ρχ(z) =
∑
x1,...,xn∈H
ρχ(w1(x1, · · · , xn)
−1)Aχ(x1, · · · , xn)(2.1)
where
Aχ(x1, · · · , xn) =(2.2) ∑
xn+1,...,xm∈G
ρχ(w2(xn+1, · · · , xm)
−1w1(x1, · · · , xn)w2(xn+1, · · · , xm)).
Since the word w2 is measure preserving with respect to G, ζ
w2
G is a constant function and hence
Aχ(x1, · · · , xn) commutes with ρχ(g) for all g ∈ G. Hence, by Schur’s lemma (see [11, Lemma 2.25]),
we have
(2.3) Aχ(x1, · · · , xn) = αI
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for some α ∈ C. Now taking trace on the both sides of (2.3) and using (2.2) we get
α =
|G|m−n
χ(1)
χ(w1(x1, · · · , xn)).(2.4)
Again taking trace on both side of (2.1) and using (2.3),(2.4) we get
χ(z) =
|G|m−n
χ(1)
∑
h∈H
ζw1H (h)χ(h)χ(h
−1)
=
|G|m−n|H |
χ(1)
〈ζw1H χ, χ〉H .(2.5)
By definition of ζwG , we have
χ(z) = |G|〈ζwG , χ〉.(2.6)
Therefore, by (2.5) and (2.6), we have
ζwG =
∑
χ∈Irr(G)
|G|m−n−1|H |
χ(1)
〈ζw1H χ, χ〉H χ.
Since 〈ζw1H χ, χ〉H = 〈ζ
w1
H χ, χ〉H , from the above equation we get
(2.7) ζwG =
∑
χ∈Irr(G)
|G|m−n−1|H |
χ(1)
〈ζw1H χ, χ〉H χ.
(1) It is enough to prove that |H|χ(1) 〈ζ
w1
H χ, χ〉H is an integer. Since H is a normal subgroup of G,
H =
⋃
1≤j≤t
ClG(xj) for some xj ∈ H . For any irreducible character χ of G, we have
|H | 〈ζw1H χ, χ〉H =
∑
h∈H
ζw1H (h)χ(h)χ(h
−1)
=
∑
1≤j≤t
|ClG(xj)| ζ
w1
H (xj) χ(xj) χ(x
−1
j ).
Suppose Kj =
∑
x∈ClG(xj)
x, for 1 ≤ j ≤ t. Then wχ(Kj) =
χ(xj)|ClG(xj)|
χ(1) is an algebraic integer for
any irreducible character. Hence, we have
| H |
χ(1)
〈ζw1H χ, χ〉H =
∑
1≤j≤k
ζw1H (xj)wχ(Kj)χ(x
−1
j ).
The right hand side of the above equality is an algebraic integer. Thus left hand side is an algebraic
rational number and hence the result follows.
(2) It is clear that the coefficient |G|
m−n−1|H|
χ(1) 〈ζ
w1
H χ, χ〉H in (2.7) is a rational integer. Hence ζ
w
G
is a character of G. 
Corollary 2.2. Let H be a normal subgroup of G and
w(x1, . . . , xm) := [x1, w2(x2, · · · , xn)]
where x1 ∈ H and n− 2 ≥ 0. If w2 is measure preserving with respect to G then ζ
w
G is a character
of G.
Proof. In view of the proof of Theorem 2.1, we have
ζwG =
∑
χ∈Irr(G)
|G|n−2|H |
χ(1)
〈χ, χ〉H χ.
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If n− 2 > 0 then it is clear that |G|
n−2.|H|
χ(1) 〈χ, χ〉H is a rational integer for all χ ∈ Irr(G). Hence, ζ
w
G
is a character of G. If n− 2 = 0 then, using the same argument as in the proof of Theorem 2.1 part
(1), one can complete the proof. 
In the above Theorem 2.1, taking H = G we get the following result.
Corollary 2.3. Let w(x1, . . . , xm) := [w1(x1, · · · , xn), w2(xn+1, · · · , xm)]. If ζ
w1
G is a character and
the word w2 is measure preserving with respect to G, then ζ
w
G is a character of G and
ζwG =
∑
χ∈Irr(G)
|G|m−n
χ(1)
〈ζw1G χ, χ〉 χ.
3. Explicit formula for ζwnG
In this section, we consider the word wn(x1, · · · , xn) := [· · · [[[x1, x2], x3], x4], · · · , xn] for n ≥ 2.
Then ζwnG (g) denotes the number of solutions of the equation
[· · · [[[x1, x2], x3], x4], · · · , xn] = g.
Note that the word wn can be defined recursively as
w2(x1, x2) = [x1, x2] = x
−1
1 x
−1
2 x1x2,
w3(x1, x2, x3) = [w2(x1, x2), x3],
...
wn(x1, · · · , xn) = [wn−1(x1, . . . , xn−1), xn].
Thus wn is a particular type of the words considered in Section 2. By Corollary 2.3, it follows that
ζwnG is a character of G and
ζwnG = |G|
∑
χ∈Irr(G)
Cwn(χ)χ
χ(1)
(3.1)
where Cwn(χ) = 〈ζ
wn−1
G χ, χ〉. Note that C
wm+1(χ) = χ(1)2|G|m−1 whenever m is greater than the
nilpotency class of G. For n = 2, Cw2(χ) = 1 and so equation (3.1) reduces to (1.1); which is a
classical result of Frobenius. For n ≥ 3 there is no such formula for Cwn(χ). However, the following
proposition shows that Cwn(χ) = |G|n−2 if χ ∈ lin(G).
Proposition 3.1. Let G be a finite group and wn(x1, · · · , xn) denote the word [· · · [[x1, x2], x3], · · · , xn]
with n ≥ 3. Then we have following.
(1) If χ ∈ lin(G), then Cwn(χ) = 〈ζ
wn−1
G , 1G〉.
(2) 〈ζ
wn−1
G , 1G〉 = |G|〈ζ
wn−2
G , 1G〉. In particular, 〈ζ
wn−1
G , 1G〉 = |G|
n−2.
Proof. (1) Let χ ∈ lin(G). Then
Cwn(χ) = 〈ζ
wn−1
G χ, χ〉 =
1
|G|
∑
g∈G
ζ
wn−1
G (g)|χ(g)|
2 = 〈ζ
wn−1
G , 1G〉.
(2) Using (3.1), we have
〈ζ
wn−1
G , 1G〉 =
1
|G|
∑
g∈G
ζ
wn−1
G (g)
=
1
|G|
∑
χ∈Irr(G)
(∑
g∈G
|G|
χ(1)
〈ζ
wn−2
G χ, χ〉χ(g)
)
=
1
|G|
∑
χ∈Irr(G)
(
|G|
χ(1)
〈ζ
wn−2
G χ, χ〉|G|〈χ, 1G〉
)
= |G|〈ζ
wn−2
G , 1G〉.
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Therefore, 〈ζ
wn−1
G , 1G〉 = |G|
n−2. 
In view of the above proposition, (3.1) becomes
(3.2) ζwnG = |G|
n−1
∑
χ∈lin(G)
χ+ |G|
∑
χ∈nl(G)
Cwn(χ) χ
χ(1)
.
In the following subsections we compute Cwn(χ) where χ ∈ nl(G) for n ≥ 3 and hence derive explicit
formula for ζwnG (g) for some classes of finite groups.
3.1. n-isoclinism and Camina group. The notion of n-isoclinism of groups is implicit in a short
note of P. Hall [9] on verbal and marginal subgroups.
Definition 3.2. Two groups G and H are n-isoclinic, if there exist isomorphisms φ and ψ:
(1) φ is an isomorphism from G/Zn(G) to H/Zn(H);
(2) ψ is an isomorphism from γn+1(G) to γn+1(H);
(3) ψ is compatible with φ, i.e. ψ([· · · [[g1, g2], g3], · · · , gn+1]) = [· · · [[h1, h2], h3], · · · , hn+1], for
any hi ∈ φ(giZn(G)), gi ∈ G, 1 ≤ i ≤ n + 1. In other words, we have a commutative
diagram.
G
Zn(G)
× · · · × GZn(G)
φ×···×φ
−−−−−→ HZn(H) × · · · ×
H
Zn(H)ya(n+1,G) ya(n+1,H)
γn+1(G)
ψ
−−−−→ γn+1(H),
where
a(n+1,G)
((
g1Zn(G), · · · , gn+1Zn(G)
))
= [· · · [g1, g2], · · · , gn+1]
and
a(n+1,H)
((
h1Zn(H), · · · , hn+1Zn(H)
))
= [· · · [h1, h2], · · · , hn+1].
We say that the pair (φ, ψ) is an n-isoclinism between G and H . It is clear from the definition that
an n-isoclinism induces also an (n+1)-isoclinism. If n = 1, then G and H are called isoclinic groups.
In the following theorem we generalize [22, Lemma 3.5].
Theorem 3.3. Let G and H be two finite groups and let (φ, ψ) be an isoclinism from G to H. If
g ∈ γn+1(G) then ζ
wn+1
G (g) = (|G|/|H |)
n+1ζ
wn+1
H (φ(g)).
Proof. Let the pair (φ, ψ) be an n-isoclinism between G and H . Consider the group G = G/Zn(G)
and H = H/Zn(H). Then
1
|Zn(G)|n+1
ζ
wn+1
G (g)
=
1
|Zn(G)|n+1
|{(g1, g2, · · · , gn+1) ∈ G
n+1 | [· · · [[g1, g2], g3], · · · , gn+1] = g}|
=
1
|Zn(G)|n+1
|{(g1, g2, · · · , gn+1) ∈ G
n+1 | a(n+1,G)
(
[· · · [[g¯1, g¯2], g¯3], · · · , g¯n+1]
)
= g}|
= |{(g¯1, g¯2, · · · , g¯n+1) ∈ G
n+1
| a(n+1,G)
(
[· · · [[g¯1, g¯2], g¯3], · · · , g¯n+1]
)
= g}|
= |{(g¯1, g¯2, · · · , g¯n+1) ∈ G
n+1
| ψ
(
a(n+1,G)
(
[· · · [[g¯1, g¯2], g¯3], · · · , g¯n+1]
))
= ψ(g)}|
(since ψ is an isomorphism)
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= |{(g¯1, g¯2, · · · , g¯n+1) ∈ G
n+1
| a(n+1,H)
(
[· · · [[φ(g¯1), φ(g¯2)], φ(g¯3)], · · · , φ(g¯n+1)]
)
= ψ(g)}|
(by commutativity of diagram as in Definition 3.2 )
= |{(h¯1, h¯2, · · · , h¯n+1) ∈ H
n+1
| a(n+1,H)
(
[· · · [[h¯1, h¯2], h¯3], · · · , h¯n+1]
)
= ψ(g)}|
(since φ is an isomorphism)
=
1
|Zn(H)|n+1
|{(h1, h2, · · · , hn+1) ∈ H
n+1 | a(n+1,H)
(
[· · · [[h¯1, h¯2], h¯3], · · · , h¯n+1]
)
= ψ(g)}|
=
1
|Zn(H)|n+1
|{(h1, h2, · · · , hn+1) ∈ H
n+1 | [· · · [[h1, h2], h3], · · · , hn+1] = ψ(g)}|
=
1
|Zn(H)|n+1
ζ
wn+1
H (φ(g)).
Hence the result follows. 
The rest part of this subsection is devoted to finite Camina p-group. We start with the following
definitions.
A pair (G,H) is said to be a Camina pair if 1 < H < G is a normal subgroup of G and for
every element g ∈ G \ H , gH ⊆ ClG(g). It is easy to see that if (G,H) is a Camina pair then
Z(G) ≤ H ≤ G′. A group G is called a Camina group if (G,G′) is a Camina pair. It is easy to see
that if G is a Camina group then χ(G \ G′) = 0 for every χ ∈ nl(G). A group G is said to be a
Generalized Camina group if ClG(g) = gG
′ for all g ∈ G \G′Z(G). Lewis [14] showed that a finite
group G is a generalized Camina group if and only if G is isoclinic to a Camina group. It follows
that if G is a finite nilpotent generalized Camina group, then G is isoclinic to a Camina p-group for
some prime p. So, in view of Theorem 3.3, it is enough to compute ζwnG (g) for a Camina p-group. If
G is a finite Camina p-group then it was shown in [4] that the nilpotency class of G is at most 3.
A pair of groups (G,N) where N is a normal subgroup of the group G is called a generalized
Camina pair (abbreviated as GCP) if χ(g) = 0 for all χ ∈ nl(G) and for all g ∈ G \N . Equivalent
definitions of a generalized Camina pair can be found in [12]. The groups with (G,Z(G)) a GCP were
studied under the name V Z-groups by Lewis in [13]. If G is a finite Camina p-group of nilpotency
class 2, then (G,Z(G)) is a generalized Camina pair and in this case ζwnG (g) can be obtained by the
following theorem.
Theorem 3.4. Let G be a finite group such that (G,Z(G)) is a GCP. If g ∈ G′ then
ζw2G (g) =

|G|2
|G′|
(
1− 1|G:Z(G)|
)
if g 6= 1
|G|2
|G′|
(
1 + |G
′|−1
|G:Z(G)|
)
if g = 1.
and
ζwnG (g) =
{
0 if g 6= 1
|G|n if g = 1
if n ≥ 3.
Proof. If (G,Z(G)) is a GCP then by [12, Lemma 2.4] we have that G′ is a subgroup of Z(G). That
is nilpotency class of G is 2. Hence the case when n ≥ 3 follows.
The case when n = 2 follows from [22, Corollary 2.3] and the fact that cd(G) = {1, |G : Z(G)|1/2}
(which follows from [24, Section 3]). 
Now we discuss about finite Camina p-group of nilpotancy class 3. We begin with the following
remark which follows from [23, Section 3].
Remark 3.5. Let G be a finite Camina p-group of nilpotancy class 3. Then
(1) G/G′, G′/Z(G) and γ3(G) = [G,G
′] = Z(G) are elementary abelian p-group with |G : G′| =
p2m, |G′ : Z(G)| = pm and |G : Z(G)| = p3m, where m is even.
(2) nl(G) = Irr(G|Z(G)) ⊔ nl(G/Z(G)), cd(G) = {1, pm, p3m/2}, | Irr(G|Z(G))| = |Z(G)| − 1
and |nl(G/Z(G))| = |G
′|
|Z(G)| − 1.
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(3) If χ ∈ Irr(G|Z(G)) then χ(G \ Z(G)) = 0 and χ↓Z(G) = p
3m/2λ, where λ ∈ Irr(Z(G)).
(4) If χ ∈ nl(G/Z(G)) then χ(G \ G′) = 0 and χ(g) = pm(λ ◦ η)(g), where g ∈ G′, λ ∈
Irr(G′/Z(G)) and η : G −→ G/γ3(G) is the natural homomorphism.
Now, using Remark 3.5 Part (3) and (4), we get the following result.
Proposition 3.6. Let G be a Camina p-group of nilpotancy class 3. Then
Cw3(χ) =
{
〈ζw2G ↓Z(G), 1Z(G)〉 if χ ∈ Irr(G|Z(G)),
〈ζw2G ↓G′ , 1G′〉 if χ ∈ nl(G/Z(G)).
Theorem 3.7. Let G be a finite Camina p-group of nilpotancy class 3. Then
ζw3G =|G|
2
∑
χ∈lin(G)
χ+
(
|G|3
|G′|
+
|G|2(|G′| − |Z(G)|)
|Z(G)|
) ∑
χ∈Irr(G|Z(G))
χ
χ(1)
+
|G|3
|G′|
∑
χ∈nl(G/Z(G))
χ
χ(1)
.
Proof. By Remark 3.5 part (2) we have nl(G) = Irr(G|Z(G))⊔ nl(G/Z(G)). Therefore, using (3.2),
we have
ζw3G = |G|
2
∑
χ∈lin(G)
χ+ |G|
∑
χ∈Irr(G|Z(G))
Cw3(χ) χ
χ(1)
+ |G|
∑
χ∈nl(G/Z(G))
Cw3(χ) χ
χ(1)
.
By Proposition 3.6 the above expression becomes
ζw3G =|G|
2
∑
χ∈lin(G)
χ+ 〈ζw2G ↓Z(G), 1Z(G)〉|G|
∑
χ∈Irr(G|Z(G))
χ
χ(1)
+ 〈ζw2G ↓G′ , 1G′〉|G|
∑
χ∈nl(G/Z(G))
χ
χ(1)
.
(3.3)
Now, using Remark 3.5 part (3) and (4), and the the expression of ζw2G , we get
〈ζw2G ↓Z(G), 1Z(G)〉 =|G|〈ϕ ↓Z(G), 1Z(G)〉+ |G|
∑
λ∈Irr(Z(G))\{1Z(G)}
〈λ, 1Z(G)〉
+ |G||nl(G/Z(G))|.
where ϕ =
∑
χ∈lin(G) χ. Since Z(G) ⊆ G
′ and ϕ is a regular character of G/G′, 〈ϕ ↓Z(G), 1Z(G)〉 =
|G|/|G′|. Also, 〈λ, 1Z(G)〉 = 0 for any 1Z(G) 6= λ ∈ Irr(Z(G)). Hence,
〈ζw2G ↓Z(G), 1Z(G)〉 =
|G|2
|G′|
+ |G||nl(G/Z(G))| =
|G|2
|G′|
+
|G|(|G′| − |Z(G)|)
|Z(G)|
.
We have
ζw2G ↓G′ =|G|
∑
χ∈lin(G)
χ↓G′ + |G|
∑
χ∈Irr(G|Z(G))
χ ↓G′
χ(1)
+ |G|
∑
χ∈nl(G/Z(G))
χ ↓G′
χ(1)
.
It is easy to see that 〈χ↓G′ , 1G′〉 = 〈φ↓G′ , 1G′〉 = 0 for χ ∈ Irr(G|Z(G)) and φ ∈ nl(G/Z(G)).
Therefore, 〈ζw2G ↓G′, 1G′〉 = |G|
2/|G′|. Now putting the values of 〈ζw2G ↓Z(G), 1Z(G)〉 and 〈ζ
w2
G ↓G′ , 1G′〉
in (3.3) we get the required expression for ζw3G . 
The following lemma is useful in proving the next result.
Lemma 3.8. Let G be a finite Camina p-group of nilpotancy class 3. Then∑
χ∈Irr(G|Z(G))
χ(g)
χ(1)
=
{
−1 if 1 6= g ∈ γ3(G)
0 if g ∈ G′ \ γ3(G)
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and ∑
χ∈nl(G/Z(G))
χ(g)
χ(1)
=
{
|G′|−|Z(G)|
|Z(G)| if 1 6= g ∈ γ3(G)
−1 if g ∈ G′ \ γ3(G).
Proof. Follows from Remark 3.5 part (3) and (4). 
We conclude this subsection with the following result.
Theorem 3.9. Let G be a finite Camina p-group of nilpotancy class 3. If g ∈ G′ then
ζw2G (g) =

|G|(|G|−|G′|)
|G′| +
|G|(|G′|−|Z(G)|)
|Z(G)| if 1 6= g ∈ γ3(G)
|G|(|G|−|G′|)
|G′| if g ∈ G
′ \ γ3(G)
|G|2
|G′| +
|G||G′|
|Z(G)| + |G|(|Z(G)| − 2) if g = 1
and
ζw3G (g) =

|G|2(|G′|−|Z(G)|)(|G|−|G′|)
|G′||Z(G)| if 1 6= g ∈ γ3(G)
0 if g ∈ G′ \ γ3(G)
|G|3(|Z(G)|2+|G′|−1)
|Z(G)||G′| +
|G|2(|G′|−|Z(G)|)(|Z(G)|−1)
|Z(G)| if g = 1.
Proof. Let n = 2. If g = 1 then (1.1) gives ζwnG (1) = |G|| Irr(G)|. Hence, the result follows
from Remark 3.5 part (2). The case when g 6= 1 follows from [19, Proposition 5.4] noting that
γ3(G) = Z(G).
Let n = 3. If g = 1 then by Theorem 3.7 we have
ζwnG (1) =|G|
2 |G|
|G′|
+
(
|G|3
|G′|
+
|G|2(|G′| − |Z(G)|)
|Z(G)|
)
| Irr(G|Z(G))| +
|G|3
|G′|
|nl(G/Z(G))|
=
|G|3(|Z(G)|2 + |G′| − 1)
|Z(G)||G′|
+
|G|2(|G′| − |Z(G)|)(|Z(G)| − 1)
|Z(G)|
,
using Remark 3.5 part (2). If 1 6= g ∈ G′ then
∑
χ∈lin(G) χ(g) = |G|/|G
′|. Therefore, by Theorem
3.7, we have
(3.4) ζwnG (g) =
|G|3
|G′|
+
(
|G|3
|G′|
+
|G|2(|G′| − |Z(G)|)
|Z(G)|
) ∑
χ∈Irr(G|Z(G))
χ(g)
χ(1)
+
|G|3
|G′|
∑
χ∈nl(G/Z(G))
χ(g)
χ(1)
If 1 6= g ∈ γ3(G) = Z(G) then by (3.4) and Lemma 3.8, we have
ζwnG (g) =
|G|3
|G′|
+
(
|G|3
|G′|
+
|G|2(|G′| − |Z(G)|)
|Z(G)|
)
(−1) +
(|G|3|G′| − |Z(G)|)
|G′||Z(G)|
=
|G|2(|G′| − |Z(G)|)(|G| − |G′|)
|G′||Z(G)|
,
If g ∈ G′ \ γ3(G) then by (3.4) and Lemma 3.8, we have ζ
wn
G (g) = 0. This completes the proof. 
3.2. Groups for which (G,Z(G)) is a Camina pair and (G/Z(G), Z(G/Z(G))) is a GCP. In
[15], Lewis began the study of those groups G for which (G,Z(G)) is a Camina pair and, proved
that such a group G must be a p-group for some prime p. Here we quote some fact about the groups
for which (G,Z(G)) is a Camina pair [23, Section 4]:
Remark 3.10. Let G be a group such that (G,Z(G)) is a Camina pair. Then we have the followings.
(1) If χ ∈ Irr(G|Z(G)), then χ(G \ Z(G)) = 0 and χ(1) = |G/Z(G)|1/2.
(2) There is a bijection Φ : Irr(Z(G)) \ {1Z(G)} −→ Irr(G|Z(G)) such that
Φ(λ)(g) :=
{
|G/Z(G)|1/2λ(g) if g ∈ Z(G)
0 otherwise.
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(3) | Irr(G|Z(G))| = |Z(G)| − 1.
Also note that ifG is a finite group such that (G,Z(G)) is a Camina pair and (G/Z(G), Z(G/Z(G)))
is a generalized Camina pair then nilpotency class of G is 3.
Theorem 3.11. Let (G,Z(G)) be a GCP. Then we have the following.
(1) cd(G) = {1, |G : Z(G)|1/2}.
(2) The number of nonlinear irreducible characters of G is |Z(G)| − |Z(G)/G′|.
(3) There is a bijection Φ̂ : Irr(Z(G)|G′) −→ nl(G) defined by
Φ̂(λ)(g) :=
{
|G : Z(G)|1/2λ(g) if g ∈ Z(G),
0 otherwise.
Proof. Part (1), (2) and (3) follow from [24, Section 3]. 
Note that if (G,Z(G)) is a Camina pair and (G/Z(G), Z(G/Z(G))) is a generalized Camina pair,
then Z(G) ⊆ G′ and (G/Z(G))′ = G′/Z(G) ⊆ Z(G/Z(G)). Now as a corollary of the above result
we have the following.
Corollary 3.12. Let G be a finite group such that (G,Z(G)) is a Camina pair and (G/Z(G), Z(G/Z(G)))
a generalized Camina pair. Then we have the following.
(1) There is a bijection Ψ : Irr(Z(G/Z(G)) | G′/Z(G)) −→ nl(G/Z(G)) such that
Ψ(χ)(g) :=
{
|G : Z2(G)|
1/2χ(g) if g ∈ Z2(G)/Z(G)
0 otherwise,
where χ(1) = |G : Z2(G)|
1/2, χ ∈ nl(G/Z(G)).
(2) |nl(G/Z(G))| = |Z2(G)|(|G
′|−|Z(G)|)
|G′||Z(G)| and nl(G) = Irr(G|Z(G)) ⊔ nl(G/Z(G)).
Proposition 3.13. Let G be a finite group such that (G,Z(G)) is a Camina pair and (G/Z(G), Z(G/Z(G)))
a generalized Camina pair. Then
Cw3(χ) =
{
〈ζw2G ↓Z(G), 1Z(G)〉 if χ ∈ Irr(G|Z(G)),
〈ζw2G ↓Z2(G), 1Z2(G)〉 if χ ∈ nl(G/Z(G)).
Proof. By Remark 3.10 one can easily compute that 〈ζw2G χ, χ〉 = 〈ζ
w2
G ↓Z(G), 1Z(G)〉, where χ ∈
Irr(G|Z(G)). Again, by Corollary 3.12, we have 〈ζw2G χ, χ〉 = 〈ζ
w2
G ↓Z2(G), 1Z2(G)〉, where χ ∈
nl(G/Z(G)). 
Theorem 3.14. Let G be a finite group such that (G,Z(G)) is a Camina pair and (G/Z(G), Z(G/Z(G)))
a generalized Camina pair. Then
ζw3G =|G|
2
∑
χ∈lin(G)
χ+
(
|G|3
|G′|
+
|G|2|Z2(G)|(|G
′| − |Z2(G)|)
|G′||Z(G)|
) ∑
χ∈Irr(G|Z(G))
χ
χ(1)
+
|G|3
|Z2(G)|
∑
χ∈nl(G/Z(G))
χ
χ(1)
.
Proof. By Corollary 3.12 part (2) we have nl(G) = Irr(G|Z(G)) ⊔ nl(G/Z(G)). Therefore, using
(3.2), we get
ζw3G = |G|
2
∑
χ∈lin(G)
χ+ |G|
∑
χ∈Irr(G|Z(G))
Cw3(χ)χ
χ(1)
+ |G|
∑
χ∈nl(G/Z(G))
Cw3(χ)χ
χ(1)
.
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By Proposition 3.13 the above expression becomes
ζw3G =|G|
2
∑
χ∈lin(G)
χ+ 〈ζw2G ↓Z(G), 1Z(G)〉|G|
∑
χ∈Irr(G|Z(G))
χ
χ(1)
+ 〈ζw2G ↓Z2(G), 1Z2(G)〉|G|
∑
χ∈nl(G/Z(G))
χ
χ(1)
.
(3.5)
Let φ =
∑
χ∈lin(G) χ. Then 〈φ ↓Z2(G), 1Z2(G)〉 = |G|/|Z2(G)|, since G
′ ⊆ Z2(G). Therefore
〈ζw2G ↓Z2(G), 1Z2(G)〉 = |G|〈φ ↓Z2(G), 1Z2(G)〉 =
|G|2
|Z2(G)|
,
observing that 〈χ ↓Z2(G), 1Z2(G)〉 = 0 for χ ∈ Irr(G|Z(G)) ⊔ nl(G/Z(G)).
Also, 〈φ ↓Z(G), 1Z(G)〉 = |G|/|G
′|, since Z(G) ⊆ G′ and φ is the regular character of G/G′.
Observe that 〈χ ↓Z(G), 1Z(G)〉 = 0 for χ ∈ Irr(G|Z(G)) and 〈χ ↓Z(G), 1Z(G)〉 = χ(1) for χ ∈
nl(G/Z(G)).Therefore,
〈ζw2G ↓Z(G), 1Z(G)〉 =
|G|2
|G′|
+ |G||nl(G/Z(G))| =
|G|2
|G′|
+
|G||Z2(G)|(|G
′| − |Z2(G)|)
|G′||Z(G)|
,
using Corollary 3.12 part (2). Now putting the values of 〈ζw2G ↓Z(G), 1Z(G)〉 and 〈ζ
w2
G ↓Z(G), 1Z(G)〉
in (3.5) we get the required expression for ζw3G . 
The following lemma is useful in proving the next result.
Lemma 3.15. Let G be a finite group such that (G,Z(G)) is a Camina pair and (G/Z(G), Z(G/Z(G)))
a generalized Camina pair. Then∑
χ∈Irr(G|Z(G))
χ(g)
χ(1)
=
{
−1 if 1 6= g ∈ Z(G) ⊆ G′
0 if g ∈ G′ \ Z(G)
and ∑
χ∈nl(G/Z(G))
χ(g)
χ(1)
=
{
|Z2(G)|(|G
′|−|Z(G)|)
|G′||Z(G)| if 1 6= g ∈ Z(G) ⊆ G
′
− |Z2(G)||G′)| if g ∈ G
′ \ Z(G).
Proof. Follows from Remark 3.10 part (1), (2) and Corollary 3.12. 
We conclude this subsection by the following result.
Theorem 3.16. Suppose (G,Z(G)) is a Camina pair and (G/Z(G), Z(G/Z(G))) a generalized
Camina pair. If g ∈ G′ then
ζw2G (g) =

|G|2[|Z(G)|(|G|+|G′|(|Z(G)|−1))+|Z2(G)|(|G
′|−|Z(G)|)]
|G′||Z(G)| if g = 1
|G|[|Z(G)|(|G|−|G′|)+|Z2(G)|(|G
′|−|Z(G)|)]
|G′||Z(G)| if g ∈ Z(G) ⊆ G
′
|G|(|G|−|Z2(G)|)
|G′| if g ∈ G
′ \ Z(G)
and
ζw3G (g) =

|G|2[|G||Z(G)|2+(|G′|−|Z(G)|)(|G|+|Z2(G)|(|Z(G)|−1))]
|G′||Z(G)| if g = 1
|G|2(|G′|−|Z(G)|)(|G|−|Z2(G)|)
|G′||Z(G)| if g ∈ Z(G) ⊆ G
′
0 if g ∈ G′ \ Z(G).
Proof. If g = 1, then by (1.1) we have
ζw2G (1) = |G|| Irr(G)| =
|G|2[|Z(G)|(|G| + |G′|(|Z(G)| − 1)) + |Z2(G)|(|G
′| − |Z(G)|)]
|G′||Z(G)|
,
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noting that Irr(G) = lin(G) ⊔ Irr(G|Z(G)) ⊔ nl(G/Z(G)). If 1 6= g ∈ G′ then by (1.1) we have
(3.6) ζw2G (g) =
|G|2
|G′|
+ |G|
∑
χ∈Irr(G|Z(G))
χ(g)
χ(1)
+ |G|
∑
χ∈nl(G/Z(G))
χ(g)
χ(1)
Now, if 1 6= g ∈ Z(G) ⊆ G′, then by (3.6) and Lemma 3.15 we have
ζw2G (g) =
|G|2
|G′|
+ |G|(−1) +
|G||Z2(G)|(|G
′| − |Z(G)|)
|G′||Z(G)|
=
|G|[|Z(G)|(|G| − |G′|) + |Z2(G)|(|G
′| − |Z(G)|)]
|G′||Z(G)|
.
If g ∈ G′ \ Z(G), then by (3.6) and Lemma 3.15 we have
ζw2G (g) =
|G|2
|G′|
+
−|G||Z2(G)|
|G′|
=
|G|(|G| − |Z2(G)|)
|G′|
.
For the second part, if g = 1, then by Theorem 3.14, we have
ζw3G (1) =
|G|3
|G′|
+
(
|G|3
|G′|
+
|G|2|Z2(G)|(|G
′| − |Z2(G)|)
|G′||Z(G)|
)
| Irr(G|Z(G))| +
|G|3|nl(G/Z(G))|
|Z2(G)|
=
|G|2[|G||Z(G)|2 + (|G′| − |Z(G)|)(|G| + |Z2(G)|(|Z(G)| − 1))]
|G′||Z(G)|
,
using Remark 3.10 (part 3) and Corollary 3.12 (part 2).
If 1 6= g ∈ G′, then by Theorem 3.14 we have
ζw3G (g) =
|G|3
|G′|
+
(
|G|3
|G′|
+
|G|2|Z2(G)|(|G
′| − |Z2(G)|)
|G′||Z(G)|
) ∑
χ∈Irr(G|Z(G))
χ(g)
χ(1)
+
|G|3
|Z2(G)|
∑
χ∈nl(G/Z(G))
χ(g)
χ(1)
.
(3.7)
If 1 6= g ∈ Z(G) ⊆ G′, then by (3.7) and Lemma 3.15 we have
ζw3G (g) =
|G|3
|G′|
+
(
|G|3
|G′|
+
|G|2|Z2(G)|(|G
′| − |Z2(G)|)
|G′||Z(G)|
)
(−1) +
|G|3(|G′| − |Z(G)|)
|G′||Z(G)|
=
|G|2(|G′| − |Z(G)|)(|G| − |Z2(G)|)
|G′||Z(G)|
.
If g ∈ G′ \Z(G), then by (3.7) and Lemma 3.15, we have ζw3G (g) = 0. This completes the proof. 
3.3. Groups with unique nonlinear irreducible character. The class of groups considered in
this subsection is a subclass of the groups G with |cd(G)| = 2, where cd(G) = {χ(1) : χ ∈ Irr(G)}.
Groups having |cd(G)| = 2 are considered in [22] for the word w2(x1, x2) = [x1, x2]. Note that explicit
formula for ζw2G (g) can be obtained from [22, Theorem 2.2] for these groups. In this subsection,
we derive explicit formula for ζwnG (g) where n ≥ 3 for groups having unique nonlinear irreducible
character. We start with the following theorem which is a consequence of the main theorem in [3].
Theorem 3.17. Let G be a non-abelian finite group having unique nonlinear irreducible character.
Then one of the following holds:
(1) G is an extra-special 2-group.
(2) G is a Frobenius group of order pm(pm−1) for some prime power pm with an abelian Frobe-
nius kernel of order pm, a cyclic Frobenius complement and Z(G) = {1}. Here Frobenius
kernel is the commutator subgroup of G and G acts transitively, by conjugation, on G′ \ {1}.
Note that the groups in the above theorem are Camina groups. Further, group of type (1) has
nilpotency class 2 whereas group of type (2) is not nilpotent. Therefore, we derive explicit formula
of ζwnG , where n ≥ 3, only for the group G of type (2). We need the following lemma.
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Lemma 3.18. Let G be a group with unique nonlinear irreducible character χ with Z(G) = {1}.
Then we have the following.
(1) χ vanishes outside G′ and χ(1) = pm − 1.
(2) χ2 =
∑
φ∈lin(G) φ+ (p
m − 2)χ.
(3) χ(g) = −1 for all g ∈ G′ \ {1}.
Proof. By Theorem 3.17, G is a Frobenius group of order pm(pm − 1) for some prime power pm.
(1) Since G is a Camina group, χ vanishes outside G′. The second part follows from the relation
|G| =
∑
φ∈Irr(G) φ(1)
2.
(2) Since χ2 is a character of G, χ2 =
∑
φ∈Irr(G) cφφ, where cφ = 〈χ
2, φ〉 ∈ N ∪ {0}. Let φ ∈ lin(G).
Then cφ = 〈χ
2, φ〉 = 〈χ, χφ〉 = 〈χ, χφ〉 = 〈χ, χ〉 = 1. Therefore,
χ2 =
∑
φ∈lin(G)
φ+ cχχ.
Now, by degree computation of both the sides of the above expression, we get cχ = p
m − 2. Hence
the result follows.
(3) Follows from the fact that 〈χ, λ〉 = 0 for λ ∈ lin(G). 
Theorem 3.19. Let G be a group with unique nonlinear irreducible character φ and Z(G) = {1}.
If n ≥ 3, then
Cwn(φ) =
|G|n−1
|G′|
+
|G|
(pm − 1)
Cwn−1(φ)(pm − 2)
and hence ζwnG = |G|
n−1
∑
χ∈lin(G) χ+
|G|
(pm−1)C
wn(φ)φ.
Proof. By Theorem 3.17, G is a Frobenius group of order pm(pm− 1) for some prime power pm. We
shall prove the proposition by induction on n. By Lemma 3.18 (2), we have
Cw3(φ) =
〈( ∑
χ∈Irr(G)
|G|
χ(1)
χ
)
φ, φ
〉
=
∑
χ∈Irr(G)
|G|
χ(1)
〈
χφ, φ
〉
=
|G|2
|G′|
+
|G|
(pm − 1)
Cw2(φ)(pm − 2).
Hence, by (3.2), we have
ζw3G = |G|
2
∑
χ∈lin(G)
χ+
|G|
(pm − 1)
Cw3(φ)φ,
Thus induction begins at n = 3. Suppose that the proposition is true for n− 1. Then
Cwn−1(φ) =
|G|n−2
|G′|
+
|G|
(pm − 1)
Cwn−2(φ)(pm − 2)
and hence
ζ
wn−1
G = |G|
n−2
∑
χ∈lin(G)
χ+
|G|
(pm − 1)
Cwn−1(φ)φ.
Therefore
Cwn(φ) = 〈ζ
wn−1
G φ, φ〉
=
〈( ∑
ψ∈lin(G)
|G|n−2
ψ(1)
ψ +
|G|
(pm − 1)
Cwn−1(φ)φ
)
φ, φ
〉
=
∑
ψ∈lin(G)
|G|n−2
ψ(1)
〈φ, φ〉 +
|G|
(pm − 1)
Cwn−1(φ)〈φ2, φ〉
=
|G|n−1
|G′|
+
|G|
(pm − 1)
Cwn−1(φ)(pm − 2) (using Lemma 3.18 (2)).
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Now, by (3.2), we have
ζwnG = |G|
n−1
∑
χ∈lin(G)
χ+
|G|
(pm − 1)
Cwn(φ)φ.
This proves the theorem. 
Theorem 3.20. Let G be a group with unique non-linear irreducible character φ with Z(G) = {1}.
If g ∈ G′ and n ≥ 3 then
ζwnG (g) =
{
|G|n
|G′| + |G|C
wn(φ) if g = 1
|G|n
|G′| −
|G|
(pm−1)C
wn(φ) if g 6= 1.
In particular, for n = 3
ζw3G (g) =
{
2|G|3
|G′| +
|G|2
pm−1 (p
m − 2) if g = 1
|G|3
|G′| −
|G|2
(pm−2) (
|G|
|G′| +
pm−2
pm−1 ) if g 6= 1.
Proof. The proof follows from Theorem 3.19 and Lemma 3.18 (3). 
It is easy to see that the nonlinear irreducible character comes as a induction of a linear character
of the abelian commutator subgroup for the group of type (2) in Theorem 3.17. So it is natural to
ask for some bounds of Cwn(χ) if all the nonlinear irreducible characters comes as a induction of
some linear character of a fixed abelian normal subgroup N of G. We conclude this paper by the
following upper bound of Cwn(χ).
Proposition 3.21. Let cd(G) = {1,m} and let G has an abelian normal subgroup of index m such
that every nonlinear irreducible character of G is an induction of some irreducible character of N .
Then for n ≥ 3, Cwn(χ) ≤ m |G|
n−1
|N | whenever χ ∈ nl(G).
Proof. Let N be a normal subgroup of index m. Then G/N has no nonlinear irreducible character
and hence G/N is abelian. Therefore G′ ⊆ N .
Let χ ∈ nl(G) then ψ ↑GN= χ for some ψ ∈ Irr(N). Therefore χ(G \N) = 0. Thus
Cwn(χ) = 〈ζ
wn−1
G χ, χ〉 =
1
|G|
∑
g∈N
ζ
wn−1
G (g)|χ(g)|
2
≤
χ(1)2
|G|
∑
g∈N
ζ
wn−1
G (g)
=
m
|N |
∑
g∈N
ζ
wn−1
G (g) = χ(1)〈ζ
wn−1
G ↓N , 1N〉.
Let ϕ =
∑
ψ∈lin(G) ψ. Using expression of ζ
wn−1
G and Proposition 3.1, observing that 〈χ ↓N , 1N〉 = 0,
we get
〈ζ
wn−1
G ↓N , 1N 〉 = |G|
n−2〈ϕ ↓N , 1N 〉+
∑
φ∈nl(G)
|G|
φ(1)
〈ζ
wn−2
G φ, φ〉〈φ ↓N , 1N〉
= |G|n−2
|G|
|N |
=
|G|n−1
|N |
(since G′ ⊆ N).
Therefore, Cwn(χ) ≤ m |G|
n−1
|N | for χ ∈ nl(G). 
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